The scotogenic scenario provides an attractive approach to both Dark Matter and neutrino mass generation, in which the same symmetry that stabilises Dark Matter also ensures the radiative seesaw origin of neutrino mass. However the simplest scenario may suffer from inconsistencies arising from the spontaneous breaking of the underlying Z 2 symmetry. Here we show that the singlet-triplet extension of the simplest model naturally avoids this problem due to the presence of scalar triplets neutral under the Z 2 which affect the evolution of the couplings in the scalar sector. The scenario offers good prospects for direct WIMP Dark Matter detection through the nuclear recoil method.
I. INTRODUCTION
The popularity of the Standard Model of particle physics rests upon its enormous success in explaining weak interaction phenomena [1] in terms of weak gauge boson exchange, their explicit discovery by the UA1 and UA2 experiments [2, 3] , and more recently the historic discovery of the Higgs boson [4, 5] . However, there is a number of experimental indications showing that the Standard Model must be extended. Within these experimental indications we can name two: On the one hand, the neutrino oscillations, a phenomenon that is intimately connected to neutrino masses, and on the other, the existence of a large component of Dark Matter in the Universe.
The discovery that neutrino flavours change when these particles propagate, honoured with the Nobel prize in 2015, has been confirmed in a number of independent experiments and constitutes a landmark in particle physics [6] [7] [8] [9] [10] [11] . By now neutrino oscillation measurements have reached the precision era with the neutrino mixing angles and their square mass differences well determined [12] .
Nevertheless, the good knowledge of the neutrino oscillation stays short of unveiling the underlying mechanism responsible for neutrino mass generation [13] . The simplest operator capable of inducing Majorana neutrino mass terms is the d = 5 Weinberg operator [14] , which can be realised in a variety of ways in terms of heavy messenger exchange in the framework of the seesaw mechanism and its low-scale variants [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
And on the other hand, the standard model of cosmology indicates that most of the Universe is made up of dark stuff. In particular Dark Matter constitutes most of the total mass in the Universe, and its existence is strongly indicated by a variety of observations on smaller scales. These suggest that galaxies and galaxy clusters in the Universe as a whole contain far more matter than what is directly observable. Indeed, about 85% of the matter of the Universe is made of a type that cannot be observed via its electromagnetic coupling [25] . This is the Dark Matter problem whose ultimate physics interpretation, just like neutrino oscillations, remains a challenge.
In an attempt to understand both phenomena, it has been suggested by Ma that the smallness of neutrino mass may have its roots on the stability of Dark Matter [26] , two of the major drawbacks of the Standard Model that require new particle physics. Indeed the scotogenic model is based on the validity of a Z 2 parity symmetry which plays a double role, namely stabilising the Z 2 -odd Dark Matter particle on the one hand, and ensuring the radiative origin of neutrino mass on the other. This provides a very simple setting containing a Dark Matter candidate and generating a naturally suppressed neutrino mass at one-loop level. One of the ingredients of Ma's model is a new scalar doublet charged under the Z 2 symmetry, similar to the inert doublet model [27] .
In addition, fermion singlets are added. In both cases, future prospects in Dark Matter direct detection experiments are challenging [28] .
Moreover, it has been shown that the simplest scheme suffers from a potentially severe problem, namely that loop effects [29, 30] may drive the mass parameter of the inert scalar present in the model towards negative values [31] . This behaviour would lead to the spontaneous breaking of the Z 2 symmetry required for consistency at low energies and has thus been called the parity problem: without the Z 2 parity, the model would lose its Dark Matter candidate, and the neutrino mass would no longer come from a one-loop radiative seesaw mechanism. Here we show how this problem is naturally avoided in a simple extension of Ma's idea, the singlet-triplet scotogenic model proposed in [32] , partly with the aim of achieving good prospects for direct Dark Matter detection in the scotogenic scenario.
The aim of the present work is to study the Z 2 problem of the scotogenic models within the singlet-triplet extension. We analyse in detail how the extra ingredients of the model open up the possibility of naturally preserving the Z 2 symmetry, since the inclusion of scalar triplets neutral under the Z 2 will change the running of the couplings in the scalar sector. Mimicking the basic features of the supersymmetry-based WIMP scenario in a simpler and realistic way, our model can ensure an adequate production of Dark Matter in the early Universe as well as sizeable Dark
Matter tree-level detection rates through the nuclear recoil method. As mentioned, apart from stabilising the lightest particle odd under the Z 2 symmetry, this provides a way to realise the Weinberg operator radiatively, giving thus a way to explain both phenomena by means of simple Standard Model extensions potentially accessible at the LHC.
The paper is organised as follows: We start in Sec. II by reviewing the singlet-triplet scotogenic model, where we also make a few simplifications compared to the original reference. Our main results are presented in Sec. III, where we analyse the impact of the parity problem on the tripletextended version of the scotogenic model and show how it can be naturally avoided in this extended setting. We finally conclude in Sec. IV. The full set of renormalisation group equations for the singlet-triplet scotogenic model, which has been derived for the first time within this work, are listed in Appendix A.
II. THE MODEL
Let us first review the singlet-triplet scotogenic model [32] . The model is based on the standard Table I .
In this paper we will use the standard 2 × 2 matrix notation for the SU(2) L triplets, which can (for vanishing hypercharge) be decomposed as
The most general given by
Here, gauge contractions are omitted for the sake of compactness, flavour indices α, β = 1, 2, 3 are indicated explicitly, and we denoteη = iσ 2 η * , as usual. The Σ and N fermions are allowed to have
Majorana mass terms,
Finally, the scalar potential of the model is given by
In the Standard Model only a single condition is necessary and sufficient for the potential to be bounded from below, namely that the Higgs quartic coupling be positive, λ > 0. Adding a second
Higgs doublet complicates the situation: simple algebraic relations that ensure the boundedness cannot be found unless further symmetry assumptions are made, e.g. an additional Z 2 parity under which the two doublets have different quantum numbers, cf. Refs. [33, 34] .
Given that, in the present model, we have two scalar doublets and a triplet, finding analytic criteria for the boundedness from below of the potential is rather involved. As was noted before, the most general scalar potential allowed by the symmetries of the model contains redundant terms that have been removed in Eq. (4) by appropriate redefinitions of the couplings λ Ω 1 , λ Ω 2 , λ η . Consequently, the scalar potential is a function of the real and positive field bilinears
In addition, the mixed bilinear h 2 12 = η † φ can be parametrised as h 2 12 = |h 1 ||h 2 |ρe iφ , with |ρ| < 1 by virtue of the Cauchy-Schwarz inequality, 0 ≤ η † φ ≤ |η||φ|.
Thus, one can write the condition of boundedness from below as
in which the matrix of quartic couplings V 4 is given by
In this expression, the phases φ and arg(λ 5 ) have been chosen such that the term proportional to
The condition x T V 4 x ≥ 0 for x i = h 2 i ≥ 0 is known as co-positivity of the matrix V 4 , which has been well described in Ref. [35] . Using the approach outlined in this reference, necessary and sufficient conditions for the scalar potential (4) to be bounded from below can be obtained. In the case where λ 4 + |λ 5 | ≥ 0, we can set ρ 2 = 0 -the minimum of the potential as a function of ρ 2 -and in the opposite case, where λ 4 + |λ 5 | < 0, we may fix ρ 2 = 1. This yields the conditions:
1 This term is given by
where we have used λ 345 ≡ λ 3 + λ 4 − |λ 5 |. Finally, we have one more condition:
where -as in Eq. (8b) -we should replace λ 3 → λ 345 in case that λ 4 + |λ 5 | < 0.
Finally, note that considering field configurations of components of φ, η, or Ω will yield equivalent or redundant expressions to Eqs. (8) , because the h 2 1,2,3 are all SU(2) L invariant, as pointed out in Ref. [35] . 2 
B. Symmetry breaking
We will assume the following symmetry breaking pattern:
with v φ , v Ω = 0. These vacuum expectation values (VEVs) are restricted by the tadpole equations
obtained from the scalar potential in Eq. (4), i.e. t i ≡ ∂V ∂v i is the tadpole of v i . Given the non-trivial φ and Ω charges under SU(2) L , the v φ and v Ω VEVs contribute to the W and Z masses,
We estimate that v Ω cannot be larger than 4.5 GeV@3σ [1] in order to be compatible with electroweak precision tests, in particular those coming from the measurement of the ρ parameter.
Let us now comment on the scalar spectrum of the model. In the basis Re φ 0 , Ω 0 the mass matrix for the Z 2 -even and CP-even neutral scalars is given by
The lightest of the S mass eigenstates, S 1 ≡ h, is identified with the 125 GeV state recently discovered at the LHC [4, 5] . Regarding the Z 2 -even charged scalars, their mass matrix in the 2 Such an approach could be useful in a case where more "unphysical" parameters such as ρ appear in the matrix V4, as e.g. a parameter that describes the interdependence of the (in this setting redundant) operators tr Ω † Ω 2 and tr Ω † Ω 2 , cf. Ref. [36] . However, in the present situation such interdependences are absent.
Finally, we comment on the Z 2 -odd scalars η 0,± states. First, we decompose the neutral η 0 field in terms of its CP-even and CP-odd components as
Due to the conservation of the Z 2 symmetry, the η R,I,± fields do not mix with the rest of scalars.
Their masses are given by
We note that the mass difference m 2 η R − m 2 η I = λ 5 v 2 φ is controlled by the λ 5 coupling and vanishes for λ 5 = 0. In this limit lepton number is recovered making the neutrinos massless, as shown below.
Finally, we emphasise that the vacuum in Eq. (9) preserves the Z 2 scotogenic parity. This implies the existence of a stable neutral particle which can play the role of the Dark Matter of the Universe.
C. Neutrino masses
The Z 2 -odd fields Σ 0 and N get mixed by the Yukawa coupling Y Ω and the triplet VEV, v Ω . In the basis Σ 0 , N , their 2 × 2 Majorana mass matrix takes the form
The mass eigenstates χ 1,2 are obtained after rotating to the mass basis via the 2 × 2 orthogonal
such that and χ ≡ (χ 1 , χ 2 ). The resulting neutrino mass matrix can be written as 3
where h is a 3 × 2 matrix defined as
and I(m 2 1 , m 2 2 ) is a Passarino-Veltman function evaluated in the limit of zero external momentum. We note that m 2 η R = m 2 η I leads to vanishing neutrino masses due to an exact cancellation between the η R and η I loops. This was indeed expected, since the special limit m 2 η R = m 2 η I is equivalent to λ 5 = 0, in which case one can define a conserved lepton number. As a consequence of this, the choice λ 5 1 becomes natural in the sense of 't Hooft [37] , since the limit λ 5 → 0 enhances the symmetry of the model.
III. NUMERICAL ANALYSIS
We now discuss the running of the model parameters numerically, where we closely follow the approach of Ref. [31] . The reader is referred to this reference concerning the technical details. 
Exactly that behaviour is the reflection of the parity problem in the singlet-triplet scotogenic model. 
while m φ , λ 1 , and µ 1 are fixed by the tadpole equations for v Ω = 0.5 GeV, and the requirement of finding a 125 GeV CP-even scalar in the spectrum, which is identified with the Higgs boson. The
Yukawa couplings Y N and Y Σ are chosen according to an adapted Casas-Ibarra-parametrisation [38] for one massless generation of neutrinos. The remaining parameters are varied in the following ranges generating a total of 50 000 points:
The range of λ η has been chosen differently for the left and right panels of breaking occurs for most of the points with inert scalar masses 500 GeV. However, for µ 2 = 1 TeV most of the points turn out to be valid, even for such low scalar masses. 4 Simultaneously, the overall scalar mass scale is unchanged due to µ 2 entering the physical masses suppressed by the small triplet VEV.
In conclusion, the coupling λ η in combination with the mass scale of the scalar triplet, and the dimensionful scalar coupling µ 2 may counteract the typical fermionic corrections to the inert scalar masses. Thus, they are the crucial ingredients that can naturally save the model from running into inconsistencies due to the breaking of the parity symmetry and provide a motivation for the presence of additional bosonic degrees of freedom in scotogenic-type models.
IV. CONCLUSIONS
In this paper we have re-visited the scotogenic scenario, as it provides a common approach to the Dark Matter and neutrino mass generation problems, in which the same symmetry that stabilises Dark Matter also ensures the radiative seesaw origin of neutrino mass. We have carefully considered the behaviour of the required Z 2 symmetry. In contrast to the simplest scenario, we have shown how the spontaneous breaking of Z 2 can be naturally avoided in the singlet-triplet extension of the simplest model, up to fairly large energy scales, thanks to the presence of scalar triplets neutral under the Z 2 which affect the evolution of the couplings in the scalar sector. The scenario offers good prospects for direct WIMP Dark Matter detection in nuclear recoil experiments, in ways quite analogous to supersymmetric Dark Matter stabilised by R-parity conservation. 
